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HW #5 - PHYS 324

4. We consider the two aluminum masses together as an isolated system. No work is
done. From the first law:

dU =dq, , +dq,,, =0 D,
therefore:
dq,.. =-dq.,, (2).
Considering:
dq(T) = C ,(T)dT (3),
then (2) becomes:
CMdT =-C)"dT ().
Since C, = nC », then (4) becomes
c Z’;)[ddT _ h Ef,de (5).
c+h c+h
Integrate both sides:
e ©
c+h I c+h I

where:

T.(0) = 600(1 - gj .

T,(0)= 600(1 + g]

C,(T)=20.7+0.0123-T

I used Maxima (a free Maple clone) to evaluate the integrals and solve for T(6.c,i). The
Maxima worksheet is attached on the next few pages. The result is a function of ¢, # and
theta and is shown below:

2 z 2 2 2 2 z
150\[(3844 kT + 7688 ok + 3544 o )theta +(58156 k —581E58 ¢ )theta +219961 »° +439922 ok +219961 ¢~ - 51750k +({-51750)
Tf{c , h,thetal:=

3Ilkr+31lc

In order to plot the change in entropy as a function of &, we can evaluate similar integrals
to those in (6). Since:

AST) :ﬁ_ §qcozd N 5qhm (8),

T T T

or,
_ —cold — hot (9)
AS(c.h.0) = c J;?pr dT+ h J:pr dr
c+hIe T c+hm T
The integrals in (9) get extremely messy (as you will see from the Maxima worksheet).

We need to evaluate this expression using the expression for 7f{c,h, ) for various values




of ¢ and / and then plot AS as a function of 6. I won’t cut and paste the expression here,
since it is rather large and messy.

Isetc=1and h=16,8, 4,2, and 1 and generated five different functions Ag(ﬁ). I then

plotted all five functions. They are shown below where the top curve corresponds to ¢/h =
1/16 and the bottom curve corresponds to c¢/h = 1.

. N ) funi
3.5 fun2 ——
fund ——
3 fund
2.5 funs
2 A
1.5 / =
l - 4 e e - - _ il _1
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=8.5
(2] 0.2 0.4 0.6 0.4 1



wxMaxima session

/*

wxMaxima 0.7.4 http://wxmaxima.sourceforge.net

Maxima 5.14.0 http://maxima.sourceforge.net

Using Lisp GNU Common Lisp (GCL) GCL 2.6.8 (aka GCL)
Distributed under the GNU Public License. See the file COPYING.
Dedicated to the memory of William Schelter.

The function bug report() provides bug reporting information.

(311) Cp(T):=20.74T*(12.4e-3);
(30l1) Cp(T):=20.7 +T 0.0124

(%12) Tc(theta) :=600* (1-theta/2);

theta
(%02) Tc(theta) := 600 (l— 5 J

(%13) Th(theta) :=600* (1+theta/2);

theta
(%03) Th(theta) := 600 (l+— . )
($14) Qc(Tf,theta,c,h):=(c/(c+h))*integrate (Cp(T), T, Tc (theta), Tf);
C
(%04) Qc(Tf , theta, c, h) := ; integrate(Cp(T), T, Tc(theta), Tf)
c +
($15) Qh(Tf,theta,c,h):=(h/(c+h))*integrate (Cp(T), T, Th(theta), Tf);
h

(305) OQOh(Tf , theta, ¢, h) := integrate(Cp(T), T, Th(theta), Tf)

c+h

(%16) solve ([Qc(Tf, theta,c,h)=-Qh(Tf, theta,c,h)],TL);

‘rat' replaced 20.7 by 207/10 = 20.7

‘rat' replaced 0.0124 by 31/2500 = 0.0124

‘rat' replaced 41.4 by 207/5 = 41.4

‘rat' replaced 12420.0 by 12420/1 = 12420.0

‘rat' replaced 2232.000000000001 by 2232/1 = 2232.0
‘rat' replaced 20.7 by 207/10 = 20.7

‘rat' replaced 0.0062 by 31/5000 = 0.0062

‘rat' replaced 20.7 by 207/10 = 20.7

‘rat' replaced 0.0124 by 31/2500 = 0.0124

‘rat' replaced 41.4 by 207/5 = 41.4

‘rat' replaced 12420.0 by 12420/1 = 12420.0

‘rat' replaced 2232.000000000001 by 2232/1 = 2232.0
‘rat' replaced 20.7 by 207/10 = 20.7

1

/

8
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‘rat' replaced 0.0062 by 31/5000 = 0.0062
(506) [ Tf = - (150 sqrt( (3844 h® +7688 ch +3844 c®) theta? +

(58156 h? - 58156 c2) theta + 219961 h> + 439922 ¢ h + 219961 ¢ ) + 51750 h +
51750 ¢ ) / (31 h+31 ¢ ) , Tf = (150 sqrt( (3844 h° +7688 c h + 3844 c¢*) theta?

+ (58156 h” - 58156 c”) theta + 219961 h® + 439922 ¢ h + 219961 ¢° ) - 51750 h -
51750 ¢ ) / (31 h+31 ¢ ) ]

($17)

Tf(c,h,theta) :=(150*sqgrt ((3844*h"2+7688*c*h+3844*c”2) *theta"2+ (58156*h"2-58156*c
+219961*h"2+439922*c*h+219961*c”2)-51750*h-51750*c) / (31*h+31*c);

(307) Tf(c, h, theta):= (150 sqrt( (3844 h2 +7688 ch+ 3844 c2) theta2 +

(58156 h? - 58156 c2) theta + 219961 h> + 439922 ¢ h + 219961 ¢ ) - 51750 h +
(-51750)c) / (31 h+31 c)

(%18)
Sc (theta,c,h) :=(c/ (c+h)) *integrate (Cp (T) /T, T, Tc(theta), Tf (c,h, theta));

c Cp(T)
(%08) Sc(theta, c, h) := integrate|——

, T, Tc(theta), Tf(c, h, theta)j
c+h
(%19)
Sh (theta,c,h) :=(h/ (c+h)) *integrate (Cp (T) /T, T, Th(theta), Tf (c,h, theta));

h Cp(T)

(%09) Sh(theta, ¢, h) := integrate( , T, Th(theta), Tf(c, h, theta)]

c+h

($110) S (theta,c,h) :=Sc(theta,c,h)+Sh(theta,c,h);
(2010) S(theta, ¢, h) :=Sc(theta, ¢, h) + Sh(theta , ¢, h)

($111) S (theta,c,h);

2 2 2 2 2 2
Is (3844h + 7688 ch + 3844 c )theta +(58156h - 58156 ¢ )theta—f21996l h
+ 439922 ¢ h + 219961 c2 positive, negative, or zero? positive;
Is (h+c) (150 sqrt((3844h2-+7688c}1+3844c2)theta2 +(58156h2-—58156c2)

theta + 219961 n? + 439922 ¢ h + 219961 c* ) +(9300h + 9300 c) theta - 70350 h

- 70350 c ) positive, negative, or zero? positive;
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Is (h+c) (150 sqrt((3844 0%+ 7688 ch+ 3844 c°) theta? + (58156 h? - 58156 ¢2)

theta + 219961 h® + 439922 ¢ h + 219961 c° ) - 51750 h - 51750 c )
positive, negative, or zero? positive;
Is theta - 2 positive, negative, or zero? negative;

‘rat' replaced 20.7 by 207/10 = 20.7
‘rat' replaced -0.0124 by -31/2500
‘rat' replaced 20.7 by 207/10 = 20.7
‘rat' replaced 0.0124 by 31/2500 = 0
‘rat' replaced 20.7 by 207/10 = 20.7
‘rat' replaced 0.0124 by 31/2500 = 0.0124

7

0

-0.0124

.0124

‘rat' replaced 20.7 by 207/10 = 20.

‘rat' replaced 0.0124 by 31/2500 = 0.0124

Is (h+c) (150 sqrt(( 384417 + 7688 ch + 3844 c2) theta? +(58156 h? - 58156 %)

theta + 219961 h° + 439922 ¢ h + 219961 c° ) +(- 9300 h - 9300 c) theta - 70350 h
- 70350 ¢ ) positive, negative, or zero? positive;
Is theta + 2 positive, negative, or zero? positive;

‘rat'! replaced 20.7 by 207/10 = 20.7
‘rat' replaced -0.0124 by -31/2500
‘rat' replaced 20.7 by 207/10 = 20.7
‘rat' replaced 0.0124 by 31/2500 = 0
‘rat' replaced 20.7 by 207/10 = 20.7
‘rat' replaced 0.0124 by 31/2500 = 0.0124

7

0

-0.0124

.0124

‘rat' replaced 20.7 by 207/10 = 20.

‘rat' replaced 0.0124 by 31/2500 = 0.0124

(5011) (h ( ((1035h+1035c) log ( ( 150 sqrt( (3844 h® +7688 ch +3844 c?)

theta’ + (58156 h? - 58156 ¢ ) theta + 219961 h°2 + 439922 ¢ h + 219961 c2 ) -

51750 h - 51750 ¢ ) / (31 h+31 ¢c) ) +3 sqrt((3844.h2-+7688 ch+ 3844 c2)

theta? + (58156 h® - 58156 c2) theta + 219961 h® + 439922 ¢ h + 219961 c2 ) -

1035 1og (300 theta + 600) + 186 theta + 372

1035 h - 1035 ¢ ) / (50 h+50 ¢ ) - 50 ) )/ (h

tc )+ (c (((1035h+1035c) log ( (150 sqrt( (3844 h° +7688 c h + 3844 c2)

theta’ + (58156 h? - 58156 ¢ ) theta + 219961 h°2 + 439922 ¢ h + 219961 c2 ) -

51750 h - 51750 ¢ ) / (31 h+31 ¢c) ) +3 sqrt((3844_h2-+7688 ch+ 3844 cz)

theta? + (58156 h® - 58156 c2) theta + 219961 h® + 439922 ¢ h + 219961 c2 ) -
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186 theta = 1035 1log (600 - 300 theta) - 372

1035 h - 1035 ¢ ) / (50 h+50 ¢ ) + = ) ) / (h
+ c )

(%$112) c:18

(%$113)

(h* (((1035*h+1035*c) *1log ( (150*sqrt ((3844*h"2+7688*c*h+3844*c"2) *theta”2+ (58156*F
-58156*c”"2) *theta+219961*h"2+439922*c*h+219961*c”"2)-51750*h-51750*c) / (31*h+31*cC
+3*sgrt ((3844*h"2+7688*c*h+3844*c”2) *theta”2+(58156*h"2-58156*c"2) *theta+219961
+439922*%c*h+219961*c”2)-1035*h-1035*c) / (50*h+50*c) - (1035*1og (300*theta+600) +18¢
+372)/50)) / (h+c)+ (c* (((1035*h+1035*c) *1log ((150*sqgrt ( (3844*h"2+7688*c*h+3844*c"Z
+(58156*h"2-58156*c”2) *theta+219961*h"2+439922*c*h+219961*c"2)-51750*h-51750*c)
+31*%c) ) +3*sgrt ((3844*h"2+7688*c*h+3844*c”2)*theta”2+ (58156*h"2-58156*c"2) *thete
+439922*c*h+219961*c”2)-1035*h-1035*c) / (50*h+50*c) + (186*theta-1035*10og (600-300*
-372)/50) )/ (h+c) ;

(%013) (h ( ((1035h+1035) log ( (150

J(3844h2-+7688f1+3844)theta2+(58156h2-58156)theta-+219961h2-+439922f1+219961
- 51750 h = 51750 ) / (31 h+31 ) ) +3

J(3844h2-+7688f1+3844)theta2+(58156h2-—58156)theta-+219961h2-+43992211+219961

1035 1og (300 theta + 600) + 186 theta + 372

-1035 h -1035) / (50 h +50 ) - 0 ) )/ (h+

1)+ ( ((1035h+1035) log ( ( 150

J(3844h2-+768811+3844)theta2+(58156h2-58156)theta-+219961h2-+439922z1+219961
~ 51750 h - 51750 ) / (31 h+31 ) ) +3

J(3844h2-+7688f1+3844)theta2+(58156h2-—58156)theta-+219961h2-+439922}1+219961

186 theta - 1035 1og(600 - 300 theta) - 372

- 1035 h -1035) / (50 h +50 ) + = )/ (h+1

)

(%116) wxplot3d (%013, [theta,0,1], [h,1,16])S$
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Funcbion —

(3tle)

($121) h:16$

($122)

(h* (((1035*h+1035) *1og ((150*sgrt ((3844*h"2+7688*h+3844) *theta”2+ (58156*h"2-5815¢
+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31))+3*sqgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*h-1035) / (50*h+50) — (1C
+600)+186*theta+372)/50))/ (h+1)+(((1035*h+1035)*1log( (150*sgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) )+
+7688*h+3844) *theta”2+(58156*h"2-58156) *theta+219961*h"24+439922*h+219961)-1035*
+50)+ (186*theta-1035*10g(600-300*theta)-372) /50)/ (h+1) ;

2 + 14829780 theta + 63568729 - 879750

527

+ 3

150«/ 1110916 theta
(%5022) (16 ( (17595 log

J1110916theta2-+14829780theta-+63568729 - 17595 ) / 850 -
1035 1og (300 theta + 600) + 186 theta + 372

0 ) )/ 17 + ( (17595

2, 14829780 theta + 63568729 - 879750

527

+ 3

150«/11109l6theta
log

JlllO916 theta2 +14829780 theta + 63568729 - 17595 ) / 850 +
186 theta - 1035 1log (600 - 300 theta) - 372
50

) / 17

($123) h:8S

($124)
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(h* (((1035*h+1035) *1log ((150*sqgrt ((3844*h"2+7688*h+3844) *theta”2+ (58156*h"2-5815¢
+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) ) +3*sqgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*h-1035) / (50*h+50) - (1C
+600)+186*theta+372)/50))/ (h+1)+(((1035*h+1035) *1log ((150*sqrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) )+
+7688*h+3844) *theta”2+ (58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*
+50) +(186*theta-1035*10g (600-300*theta)-372)/50) / (h+1);

150J 311364 theta?

+ 3663828 theta + 17816841 - 465750
(5024) (8 ( (9315 log +3

279

J311364theta2-+3663828theta-+17816841 - 9315 ) / 450 -
1035 1og (300 theta + 600) + 186 theta + 372

- ) ) /9 + ( (9315

15OJ 311364 theta2 + 3663828 theta +17816841 - 465750
log 279 + 3

'J311364theta2-#3663828theta-+l7816841 - 9315 ) / 450 +

186 theta - 1035 1log (600 - 300 theta) - 372

0 ) /9

($125) h:45S

(%126)

(h* (((1035*h+1035) *1og ((150*sgrt ((3844*h"2+7688*h+3844) *theta”2+(58156*h"2-5815¢
+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31))+3*sgrt ((3844*h"2+7688*hH+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*h-1035) / (50*h+50) — (1C
+600)+186*theta+372) /50))/ (h+1)+(((1035*h+1035) *1log ((150*sgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) )+
+7688*h+3844) *theta”2+(58156*h"2-58156) *theta+219961*h"24+439922*h+219961)-1035*
+50)+(186*theta-1035*10g (600-300*theta)-372)/50)/ (h+1);

(3026) (4 ( (5175 log

15OJ 96100 theta2 + 872340 theta + 5499025 - 258750}
+
155

'J96100 theta’ + 872340 theta + 5499025 - 5175 ) / 250 -
1035 1og (300 theta + 600) + 186 theta + 372
50

) )/ 5+ ( (5175

1
1 15OJ 96100 theta2 + 872340 theta + 5499025 - 258750}
og +

155

'J96100 theta? + 872340 theta + 5499025 - 5175 ) / 250 +
186 theta - 1035 log (600 - 300 theta) - 372

0 ) /5
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($127) h:2S

($128)

(h* (((1035*h+1035) *1og ((150*sgrt ((3844*h"2+7688*h+3844) *theta”2+ (58156*h"2-5815¢
+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31))+3*sgrt ((3844*h"2+7688*hH+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*h-1035) / (50*h+50) — (1C
+600)+186*theta+372) /50))/ (h+1)+(((1035*h+1035)*1og( (150*sgrt ((3844*h"2+7688*hH+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) )+
+7688*h+3844) *theta”2+(58156*h"2-58156) *theta+219961*h"24+439922*h+219961)-1035*
+50)+ (186*theta-1035*10g (600-300*theta)-372)/50)/ (h+1);

150J 34596 theta 2

(5028) (2 ( (3105 log

1

+174468 theta +1979649 - 15525OJ

+
93

'J34596theta2-+l74468theta-+1979649 - 3105 ) / 150 -
1035 1og (300 theta + 600) + 186 theta + 372

- ) ) /3 + ( (3105

1
1 150x/34596 theta2 + 174468 theta +1979649 - 155250]
og +

93

*J34596theta2-#174468theta-+1979649 - 3105 ) / 150 +

186 theta - 1035 1log (600 - 300 theta)-372

0 ) /3

($129) h:1$

($130)

(h* (((1035*h+1035) *1log ((150*sgrt ((3844*h"2+7688*h+3844) *theta”2+ (58156*h"2-5815¢
+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) ) +3*sqgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*h-1035) / (50*h+50) - (1C
+600)+186*theta+372)/50))/ (h+1)+(((1035*h+1035) *1log ((150*sqgrt ((3844*h"2+7688*h+
+(58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-51750*h-51750) / (31*h+31) )+
+7688*h+3844) *theta”2+ (58156*h"2-58156) *theta+219961*h"2+439922*h+219961)-1035*
+50) +(186*theta-1035*10og (600-300*theta)-372)/50) / (h+1);

1
150#15376 theta? +879844 — 103500 J 5 !
2070 log = +3+/15376 theta? + 879844 - 2070
(%030) _
) ( 100
1035 1log (300 theta + 600) + 186 theta + 372
) /2 + (

50
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1
150«/15376theta2 +879844 -103500 ‘J 2
2070 log o + 3~/ 15376 theta™ + 879844 - 2070

100
186 theta - 1035 1log (600 - 300 theta) - 372

0 ) /2

(3131) wxplot2d([%022,%024,%026,%028,%030], [theta,0,1])S$S

Funi
3.9 fun2 ——
fund ——
3 Fund .~
2.5 h!":"ﬁ
2 P
(3t31) 1.5 T
1 i L - - _-'-'___-_'-_d-_.
B+5 - :.-_,__-'"-—- _'_'_'__'__-'-'_ L — —
I
2]
=B.5
i ] a4 0.6 o & 1
theta

($132)



